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We show that every regular T1 submeta-Lindelöf space of cardinality ω1 is D under MA+
¬CH, which answers a question posed by Gruenhage (2011) [9]. Borges (1991) [5] asked if
every monotonically normal paracompact space is a D-space, we give a characterization of
paracompactness for monotonically normal spaces, which may be of some use in solving
this problem.
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1. Introduction
All spaces are assumed to be regular and T1 if not mentioned. The notion of D-space was introduced by van Douwen [6].
A neighborhood assignment for a topological space (X, τ ) is a function N : X → τ with x ∈ N(x) for every x ∈ X . X is
said to be a D-space if for every neighborhood assignment N one can ﬁnd a closed discrete D subset of X such that
N[D] = ⋃x∈D N(x) = X . The set D is often called a closed discrete kernel of N . Perhaps the most famous open problem
concerning D-spaces is whether paracompactness or Lindelöfness implies D . For a full review on D-spaces, see [9].
Recently, it was proved in [1] that every T1 Lindelöf space of cardinality < cov(M) is D . Since MA + ¬CH implies
ω1 < c = cov(M) (see [11] for example), it is consistent that every T1 Lindelöf space of cardinality ω1 is a D-space [1].
Gruenhage [9, Question 3.8] asked if it is consistent that every paracompact space of cardinality ω1 is a D-space. We will
show, in the ﬁrst part of this paper, that every submeta-Lindelöf space of cardinality ω1 is D under MA+¬CH, which gives
a positive answer to Gruenhage’s question.1 During the proof, an idea developed in [1] is basically used.
It is well known that a space is compact iff every inﬁnite subset has a complete accumulation point. In the second part
of this paper, the following property which generalizes compactness from this point of view is studied:
(∗∗) for every inﬁnite cardinal κ , and for every A ∈ [X]κ , there is a closed discrete subset D of X, such that |U ∩ A| = |A| for every
neighborhood U (an open subset of X containing D) of D (equivalently, we could require D ⊆ A).
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(∗∗) characterizes paracompactness for monotonically normal spaces.
2. σ -Closed discrete kernels
Recall that Martin’s Axiom (MA) is the statement that whenever P is a non-empty c.c.c. partial order, and D is a family
of dense subsets of P such that |D| < c, there is a ﬁlter G in P such that G ∩ D = ∅ for every D ∈ D (see [11], for
example). cov(M) is the smallest cardinality of a family D of dense subsets of the partial order (ω<ω,) (s  t iff t  s
iff t ⊆ s for s, t ∈ ω<ω) with the property that no ﬁlter intersects every member of D (see [4]). Martin’s Axiom implies that
cov(M) = c.
The main goal of this section is to show that every submeta-Lindelöf space of cardinality ω1 is D under MA+¬CH. First,
we introduce a property D∗ .
Deﬁnition 2.1. Call a space X D∗-space, if every open neighborhood assignment on X has a σ -closed discrete (in X ) kernel.
The following proposition is easy from the deﬁnition of D∗-space.
Proposition 2.2. Every closed subspace of a D∗-space is a D∗-space.
It is proved in [1] that every T1 Lindelöf space which is the union of less than cov(M) compact subsets is a D-space.
Using the same idea, we prove that every D∗-space which is the union of less than cov(M) compact subsets is a D-space.
In fact, it is merely need to “replace” points with closed discrete sets in the original proof, so Theorem 2.6 should be
attributed to the authors of [1]. To make our paper more readable, we give the details here. The approach is based on the
follow observation.
Lemma 2.3. Let X be a space and let N be an open neighborhood assignment on X. If D = {Di: i ∈ ω} is a countable family of closed
discrete subsets of X such that Di ⊂ X \⋃ j<i N[D j] for every i ∈ ω and N[
⋃D] = X, then⋃D is closed discrete.
Now we will proceed parallel to the proof of Theorem 2.6 in [1]. First, we prove a lemma contrasting with Lemma 2.1
in [1].
Lemma 2.4. Let X be a D∗-space and let N be an open neighborhood assignment on X. Then there is a countable family D of closed
discrete subsets of X closed under ﬁnite unions, such that for every D ∈ D and x ∈ X \ N[D], there is a D ′ ∈ D with x ∈ N[D ′] and
D ′ ⊂ X \ N[D].
Proof. We shall deﬁne a countable family {Dn: n ∈ ω} by recursion, each member of which is a countable family of closed
discrete subsets of X , and then we show D =⋃n<ω Dn is as desired. Enumerate Dn by {Dn,i: i < ω} for n < ω. Once Dn,i
is deﬁned, consider the open neighborhood assignment μ on X \ N[Dn,i] deﬁned by μ(y) = (X \ N[Dn,i]) ∩ N(y) for each
y ∈ X \ N[Dn,i]. Since X \ N[Dn,i] is a closed subspace of X , it is a D∗-space, choose a σ -closed discrete (in X \ N[Dn,i] and
thus in X ) kernel of μ, and denote it by An,i .
Now, let D0 = {D0,i: i < ω} be a family of closed discrete subsets of X such that X = N[⋃D0]. Let D1 = {D ⊂ X: D is
a ﬁnite union of members of D0 ∪ (⋃i<ω A0,i)}.
Suppose {Dn: n  k} has been found, satisfying that for each 0 <m k, Dm = {D ⊂ X: D is a ﬁnite union of members
of Dm−1 ∪ (⋃i<ω Am−1,i)}. Let Dk+1 = {D ⊂ X: D is a ﬁnite union of members of Dk ∪ (
⋃
i<ω Ak,i)}. Let us check that
D =⋃n<ω Dn satisﬁes our requirements. Indeed, let D be a member of D and let x be a point in X \ N[D]. Then D = Dn,i
for some n, i ∈ ω. Pick a D ′ ∈ An,i such that x ∈ N[D ′]. It follows from the deﬁnition of An,i that D ′ ⊂ X \ N[D]. To see D is
closed under ﬁnite unions, let F ∈ [D]<ω . Then there exists an n ∈ ω such that F ⊂ Dn , thus ⋃F ∈ Dn+1 ⊂ D. 
Next, we prove a lemma contrasting with Lemma 2.5 in [1].
Lemma 2.5. If X is a D∗-space and N is a neighborhood assignment on X such that N has no closed discrete kernels, then there is a
function f which assigns to each s ∈ ω<ω a closed discrete subset f (s) of X such that
(1) if B is a branch of (ω<ω,), then
⋃{ f (s): s ∈ B} is closed discrete in⋃{N[ f (s)]: s ∈ B}; and
(2) if C is a compact subspace of X , then DC = {s ∈ ω<ω: C ⊆⋃ts N[ f (t)]} is dense in (ω<ω,).
Proof. By Lemma 2.4, there is a family D of countably many closed discrete subsets of X such that D is closed under ﬁnite
unions, and for every D ∈ D and every x ∈ X \ N[D], there is a D ′ ∈ D such that x ∈ N[D ′] and D ′ ⊂ X \ N[D]. Since N has
no closed discrete kernels, D is inﬁnite. We shall deﬁne f by recursion on the cardinality of s such that for every s ∈ ω<ω:
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(ii) if D ∈ D and D ⊂ X \⋃ts N[ f (t)], then there is n < ω such that f (sn) = D .
Put f (∅) = ∅. Suppose that f (s) is deﬁned for all s ∈ ω<ω of cardinality k. Fix s ∈ ω<ω of cardinality k. We show
how to deﬁne the values of f at the immediate successors of s. Let D′ = {D ∈ D: D ⊂ X \⋃ts N[ f (t)]}. Since
⋃
ts f (t)
is a ﬁnite union of members of D, we have that ⋃ts f (t) is closed discrete in X and
⋃
ts f (t) ∈ D. Because N has
no closed discrete kernels by our assumption, X \⋃ts N[ f (t)] is non-empty. So D′ must be an inﬁnite set. Otherwise,
(
⋃D′) ∪ (⋃ts f (t)) would be a closed discrete kernel for N , which contradicts our assumption. From the properties of
D we know that {N[D]: D ∈ D′} covers X \⋃ts N[ f (t)]. Since D is a countable set, D′ countable. Enumerate D′ by
{Di: i < ω}. Deﬁne f (si) = Di for each i < ω. This completes the deﬁnition of f and (i), (ii) are clearly satisﬁed.
To see (1) holds, let B be a branch of ω<ω . Let x ∈⋃{N[ f (s)]: s ∈ B}. Then there is s ∈ B such that x ∈ N[ f (s)]. It is
suﬃcient to show that there is an open neighborhood V of x such that V ∩⋃{ f (s): s ∈ B} has at most one point. From (i)
we know that N[ f (s)] ∩⋃s<t f (t) = ∅. Since
⋃
ts f (t) is a ﬁnite union of closed discrete sets,
⋃
ts f (t) is closed discrete.
Choose an open neighborhood U of x such that U ∩⋃ts f (t) has at most one point. Let V = U ∩ N[ f (s)]. Then V is as
desired.
To see (2) holds, let C be a compact subspace of X . Let s ∈ ω<ω . It is clear that C \⋃ts N[ f (t)] is compact. From
(ii) and the properties of D, we know that {N[ f (sn)]: n < ω} covers C \⋃ts N[ f (t)]. So there exists F ∈ [ω]<ω such
that {N[ f (sn)]: n ∈ F } covers C \⋃ts N[ f (t)]. Since D =
⋃{ f (sn): n ∈ F } is a ﬁnite union of members of D, we have
D ∈ D. Note that D ⊂ X \⋃ts N[ f (t)]. So there exists an n ∈ ω such that f (sn) = D by (ii). Thus we have sn ∈ DC and
sn s. 
Theorem 2.6. If X is a D∗-space and X is the union of less than cov(M) compact subsets, then X is a D-space.
In particular, if X is a D∗-space of cardinality less than cov(M), then X is a D-space.
Proof. Let X =⋃α<κ Cα where κ is a cardinal less than cov(M) and Cα is compact for every α < κ . Suppose X is not a
D-space. Then there exists a neighborhood assignment N on X such that N has no closed discrete kernels. By Lemma 2.5,
there exists a function f satisfying (1) and (2) in Lemma 2.5. Then {DCα : α < κ} (DCα is as deﬁned in Lemma 2.5) is a
family of less than cov(M) dense sets of (ω<ω,). So there exists a branch B of (ω<ω,) such that B ∩ DCα = ∅ for
every α < κ . It is easy to see that {N[ f (s)]: s ∈ B} covers X . Since ⋃{ f (s): s ∈ B} is closed discrete in ⋃{N[ f (s)]: s ∈ B},⋃{ f (s): s ∈ B} is closed discrete in X . So N has a closed discrete kernel, which leads to a contradiction. 
Since MA+ ¬CH implies ω1 < c = cov(M), we have
Corollary 2.7 (MA+ ¬CH). Every D∗-space of cardinality ω1 is a D-space.
Now, we turn to the case of submeta-Lindelöf spaces. The following result is taken from Balogh’s paper [2, Lemma 1.1].
In fact, Balogh proved more.
Lemma 2.8. ([2]) Let λ,κ be cardinals such that λω, κ = λ+ , and Y = {yα: α < κ} is a set of distinct points of a submeta-Lindelöf
space X such that Y is locally < κ in X, i.e, every point of X has a neighborhood which meets Y in a set of cardinality < κ . Then Y is
the union of  λ closed discrete subsets of X .
Proposition 2.9. Suppose that X is a submeta-Lindelöf space which can be covered by a family {Xα: α < ω1}, each member of which
is a Lindelöf subspace of X . Then X is a D∗-space.
In particular, every submeta-Lindelöf space of cardinality ω1 is a D∗-space.
Proof. We may assume that Xα ⊆ Xβ for α < β < ω1. Otherwise, let Yα =⋃ξ<α Xξ for every α < ω1. Then {Yα: α < ω1}
is an increasing cover of X , each member of which is a Lindelöf subspace of X . Consider {Yα: α < ω1} instead of
{Xα: α < ω1}.
Let N be a neighborhood assignment on X . It is easy to construct by induction a sequence 〈Cα: α < ω1〉 of countable
subsets of X such that for every α < ω1:
Cα ⊆ Xα \
⋃
ξ<α
N[Cξ ] ⊆ N[Cα].
Let D =⋃α<ω1 Cα . Clearly we have that {N(x): x ∈ D} covers X . We shall show that D is the union of countably many
closed discrete subsets of X . For α < ω1, enumerate Cα by {xαi : i < ω}. Let Di = {xαi : α < ω1} for each i < ω. From the
properties of {Cα: α < ω1} we know that Di is locally countable in X for each i < ω. By Lemma 2.8, Di is the union of
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subsets of X . 
By combining Corollary 2.7 and Proposition 2.9, we obtain the following:
Theorem 2.10 (MA+ ¬CH). Every submeta-Lindelöf space of cardinality ω1 is a D-space.
Theorem 2.10 gives a positive answer to Gruenhage’s question. One may ask if it is consistent that paracompact spaces
of larger cardinality are D , but the approach we used here seems not relevant to do the proof, since it strongly relies on
the order type of ω1, and we do not know the answer to the following question in the meantime.
Problem 2.11. Does there exist a paracompact space which is not D∗?2
3. Property (∗∗)
Guo and Junnila [10] deﬁne X to be linearly D if every neighborhood assignment N whose range {N(x): x ∈ X} is linear
ordered by set inclusion, has a closed discrete kernel. They proved that a space X is linearly D iff:
(∗) for every uncountable regular cardinal κ , and for every A ∈ [X]κ , there is a closed discrete subset D of X, such that |U ∩ A| = |A|
for every neighborhood U (an open subset of X containing D) of D.
Not every linearly D-space is D , in fact, every linearly Lindelöf non-Lindelöf space is linearly D but not D [10]. Property (∗)
can be considered as a direct generalization of linearly Lindelöfness since a space is linearly Lindelöf iff every inﬁnite subset
whose cardinality is uncountable regular has a complete accumulation point. It is well known that a space is compact iff
every inﬁnite subset has a complete accumulation point. As linearly Lindelöfness generalizes compactness, it is interesting
to consider whether (∗∗) characterizes D .
A family G of subsets of a space X is separated if there exist pairwise disjoint open sets about each member of G . A space
X is weakly collectionwise Hausdorff [15] if for each cardinal κ and each closed discrete subspace Y of cardinality κ , there
is a Z ⊆ Y of cardinality κ such that {{z}: z ∈ Z} is separated.
Proposition 3.1. Let X be a D-space. If X is weakly collectionwise Hausdorff, then X satisﬁes (∗∗).
Proof. Suppose A ⊆ X . Choose for every x ∈ X a neighborhood N(x) such that |N(x)∩ A| attains minimum, then N : x → N(x)
is an ONA of X . Let E be a closed discrete kernel of N . Let D = A ∩ E . Note that A ⊆ N[D] follows from the deﬁnition of N .
We shall show that D is as desired.
Since X is weakly collectionwise Hausdorff and D is closed discrete in X , there is a Z ⊆ D of cardinality |D| such
that {{z}: z ∈ Z} is separated. So there is a pairwise disjoint family {Uz: z ∈ Z} of open subsets of X such that Uz is a
neighborhood of z for each z ∈ Z . If we choose a point xz ∈ Uz ∩ A for each z ∈ Z , then we actually deﬁne an injective
function from Z into A, thus |D| = |Z |  |A|. If |D| = |A|, we are done. Suppose |D| < |A| and U is a neighborhood of D .
We will show |U ∩ A| = |A|.
Let κ = sup{|N(d) ∩ A|: d ∈ D}. We claim that κ = |A|. Otherwise, we have κ < |A| and thus
|A| =
∣∣∣
⋃{
N(d) ∩ A: d ∈ D}
∣∣∣ κ · |D| < |A|,
a contradiction. Since U is a neighborhood of d for each d ∈ D , we know |N(d)∩ A| |U ∩ A| holds for each d ∈ D from the
deﬁnition of N . Thus we have |U ∩ A| κ = |A|, which implies |U ∩ A| = |A|. 
Problem 3.2. Can weak collectionwise Hausdorffness be omitted in Proposition 3.1?
Example 3.3. There is a non-D-space which has (∗∗). Peter Nyikos [12] gives a tree T (E) that satisﬁes e(F ) = l(F ) for every
subspace F , but T (E) is not a D-space. He also proved that every uncountable subset of T (E) contains an antichain with
the same cardinality. Consequently, T (E) has (∗∗). Note that T (E) also has (∗), thus T (E) is linearly D [14, remark].
We do not know whether (∗) and (∗∗) are different, so we suggest the following question:
Problem 3.4. Does there exist a linearly D-space which does not have (∗∗)?
2 For some partial answers to this problem, see [13], where D∗ is called Dω .
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It is still unknown whether paracompactness implies D in general case, however, paracompactness implies property (∗∗).
Proposition 3.5. Every paracompact space has (∗∗).
Proof. Let X be a paracompact Hausdorff space. Suppose X does not satisfy (∗∗). Then there exists a least cardinal κ , such
that there exists an A ⊆ X with |A| = κ , such that for any closed discrete subset D of X , there is a neighborhood U of D
with |U ∩ A| < |A|. Note A is inﬁnite since we have assumed X is T1.
Choose for each x ∈ X a neighborhood N(x) such that |N(x) ∩ A| attains minimum, then |N(x) ∩ A| < |A| for every x ∈ X
since A has no complete accumulation points by our hypothesis. Let V be a locally ﬁnite open reﬁnement of {N(x): x ∈ X},
such that {V : V ∈ V} is also a (locally ﬁnite) reﬁnement of {N(x): x ∈ X} (such a V does exist, see [7, Remark 5.1.7]). Note
|V ∩ A| |V ∩ A| < |A| for every V ∈ V . Let V ′ = {V ∈ V: V ∩ A = ∅}. Choose a point xV ∈ V ∩ A for each V ∈ V ′ and let
E = {xV : V ∈ V ′}. Note that |E| = |V ′| by point-ﬁniteness of V ′ . It is easy to see that |E| |A| since V ′ is locally ﬁnite and
A is inﬁnite.
If |E| = |A|, then E is desired. Suppose |E| < |A|. Then |V ′| < |A|. We claim that sup{|V ∩ A|: V ∈ V ′} = |A|. Otherwise,
we will have
|A| =
∣∣∣
⋃{
V ∩ A: V ∈ V ′}
∣∣∣ sup
{|V ∩ A|: V ∈ V ′} · |V ′| < |A|
which leads a contradiction.
By the minimality of κ , we can ﬁnd a closed discrete subset EV of X for every V ∈ V ′ such that
(1) EV ⊆ V ∩ A ⊂ V ;
(2) for every open neighborhood W of EV , we have |W ∩ (V ∩ A)| = |V ∩ A|.
Let E =⋃V∈V ′ EV . Then E is closed discrete in X since {V : V ∈ V ′} is locally ﬁnite. We have |A| = sup{|V ∩ A|: V ∈ V ′}|G ∩ A| for every neighborhood G of E , since |G ∩ A| |G ∩ (V ∩ A)| = |V ∩ A| for every V ∈ V ′ . 
Stationary subsets of a regular uncountable cardinal do not have (∗∗), since closed discrete subspaces of stationary sets
cannot be coﬁnal. Say a space X is running [8] if X has no closed subset homeomorphic to a stationary subset of a regular
uncountable cardinal, then any space that has (∗∗) is running. Balogh and Rudin proved in [3] that a monotonically normal
space is paracompact iff it is running, so we have
Corollary 3.6. A monotonically normal space X is paracompact iff X has (∗∗).
It is asked in [5] that if every paracompact monotonically normal space is D , we proposed the following question:
Problem 3.7. Must every monotonically normal space which has (∗∗) be a D-space?
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